Abstract-Detecting the presence of target subspace signals with unknown clutters is a well-known hard problem encountered in various signal processing applications. Traditional methods fails to solve this problem because prior knowledge of clutter subspace is required, which can not be obtained when target and clutter are intimately mixed. In this paper, we propose a novel subspace detector that can detect target signal buried in clutter without knowledge of clutter subspace. This detector makes use of the geometrical relation between target and clutter subspaces and is derived based upon the calculation of volume of high dimensional geometrical objects. Moreover, the proposed detector can accomplish the detection simultaneously with the learning processes of clutter, a property called "detecting while learning". The performance of detector was showed by theoretical analysis and numerical simulation.
I. INTRODUCTION
We consider the following subspace signal detection problem widely existing in communication, radar, sonar and other fields of signal processing:
Problem 1: Let H be a Hilbert space, H S ⊂ H be a KNOWN signal subspace and H C ⊂ H be an UNKNOWN clutter subspace. Given the sampled data y ∈ H, could we determine whether y lies in H S ⊕ H C or entirely in H C with the influence of random noise? In other words, whether y satisfies y = s + c + w,
where s ∈ H S , c ∈ H C , s, c = 0 and w is random noise. Detecting target signal in certain signal subspace with known clutter has been considered by several researchers and various schemes has been proposed. Among these works, the clutter subspace is commonly modeled to have low rank [1, 2] , and the most remarkable approach is the Matched Subspace Detector (MSD) by Scharf et. al. [1] , which is actually a generalized energy detector using the prior knowledge of target and clutter subspaces. Although tremendous variations and applications of MSD has appeared [3, 4, 5, 6] , the key precondition for the success of matched subspace detector is that the clutter subspace H C must be KNOWN beforehand. It usually can not be satisfied in practice, e.g., in radar, reconnaissance, mobile communication, etc. As far as we know, because the projection-based detectors derived from GLRT can not be constructed explicitly, there hasn't been any detector that can work when the clutter subspace is totally unknown.
However, the structure of clutter subspace could be explored by successively sampling from it. As a matter of fact, a generic property of randomly sampling in linear space is that the sampled vectors are generally linearly independent, so ideally the clutter subspace could be "reconstructed" by obtaining multiple samples from the clutter subspace, which naturally form the basis of the clutter subspace. But it should be noted that generally the information of target signal is mixed intimately with the clutter in the samples and it is impossible to separated the "pure" clutter from target signal so that the basis for clutter subspace could be extracted alone. It is the core difficulty for detecting the target signal against unknown structured clutters.
In this paper, a novel method to detect target signal embedded in an unknown structured low-rank clutter was given. The main idea of our detector is utilizing the geometrical characteristic of the sampled data. Here the volume, which is a common concept for geometrical objects, is defined to measure relationships between subspaces (more concretely, it is the parallelotope with its edges being the basis vectors of subspace). An intuition of using volume for detection is that, since the "volume" of low-dimensional subspaces in high-dimensional linear space is zero, the judgment of whether or not a target vector lies in certain subspace could be transformed naturally to the calculation of "volume" of parallelotope built by the target vector and the basis vectors of that subspace, in space with pertinent dimension. If the 'volume' is zero, then the conclusion can be drawn that the subspace contains the target vector, otherwise the target vector must lie outside the subspace. Indeed, Although there have been researches using similar geometrical approaches to perform subspace signal detection [7, 8] , the advantage that the proposed volume-based detector requires no knowledge of clutter is first discovered and analyzed by us.
The remainder of this paper is organized as follows: Some preliminary backgrounds on the geometrical concepts for linear subspaces such as principal angles and volumes were summarized in section II. Then the volume-based subspace detector was introduced and its property was discussed in detail in section III and IV respectively.
II. PRELIMINARY BACKGROUND
In this section, some important concepts of linear space geometry were reviewed concisely. Only necessary material for our discussion was put forward for the space limitation. For details, please see [9] and reference therein.
A. Principal Angles between Subspaces
The concept of principal angles [10] is the natural generalization of that of angles between two vectors. Principal angles can be used to formulate the relationship between two subspaces.
Definition 1: For two linear subspaces H 1 and H 2 , with dimensions dim( 
As important concepts of linear space geometry, the principal angles are widely applied in scientific and engineering fields. The geodesic distance which is the key metric measure on Grassmann manifold, as well as numerous kinds of distance measures, is defined using the principal angles [9, 11] , such as the Chordal Distance, Binet-Cauchy Distance and Procrustes Distance commonly seen in signal process applications [12, 13] . Moreover, the volume of subspace used in this paper to construct our subspace detector is also closely related to the principal angles.
B. The Volume of a matrix
Suppose a full-rank matrix X ∈ R n×d , d < n, then its d-dimensional volume is defined as [14] 
where
are the non-zero singular values of X. For X is of full column rank, its d-dimensional volume can be written equivalently as [10, 14] 
The following simple lemma is widely useful in application of volume for subspaces. It means that the k-dimensional volume of the basis of subspace with dimension less than k is definitely zero.
be a matrix whose columns are a group of vectors in a Hilbert space H and dim(span (X (n) )) = i, then
d-dimensional volume provides a kind of measure of separation between two linear subspaces. Normalized by individual volumes of both matrices, the volume of a matrix composed of two matrices gives a new kind of correlation, called the volume correlation. For n-dimensional Hilbert space H and its two subspaces H 1 and H 2 with dimensions dim(
where X 1 and X 2 are basis matrices of H 1 and H 2 , and [X 1 , X 2 ] means putting columns of matrices X 1 and X 2 together. It is closely related to the principal angles between subspaces [10] ,
are the principal angles of subspaces H 1 and H 2 . It can be seen intuitively from (7) that the volume correlation corr vol (H 1 , H 2 ) can actually play the role of distance measure between subspaces H 1 and H 2 . When H 1 and
Although volume correlation may not rigorously be a metric measure, we still regard it as a generalized distance measure that plays a key role in our proposed subspace detector.
III. THE CORRELATION SUBSPACE DETECTOR IN A NOISELESS ENVIRONMENT
From this section, we are going to introduce the volume correlation subspace detector (or VC subspace detector briefly) step by step. In order to fully convey the geometrical intuition about our subspace detector, in this section, we temporarily assume the noise component is not present, i,e., w = 0 in Problem 1. For clearance and easy of understanding, we just give some main idea about the geometrical explanation of the proposed detector in noiseless environment, and leave rigorous analysis of the noisy situation for the next section.
A. Main Idea
Unknown clutters with subspace structures were the primary obstacle for efficient detection of target signal. To reach the purpose, the designer of detectors must find the way to clarify the intrinsic construction of clutter subspace. Just as most of the traditional approaches for background learning, multiple samples were adopted to explore the clutter subspace. The following observation is the foundation for the exploration of clutter subspace.
• Suppose H be a n-dimensional Hilbert space, x 1 , · · · , x k , k < n be randomly sampled vectors from H, then in the generic situation, we have
In words, random samples x 1 , · · · , x k are generally linearly independent.
• In the case of k ≥ n, then in the generic situation, we have
In words, x 1 , · · · , x k are linearly dependent. Let H C be the unknown clutter subspace with unknown dimension d 1 , H S be the known target subspace with dimension d 2 , y 1 , · · · , y d1 be samples representing our sample subspace. Without loss of generality, we assume dim(H S H C ) = 0 throughout this paper. The critical point when we explore the clutter H C is that, the sample subspace may contain both clutter and target signals in general. In other words, we cannot guarantee that the sample subspace is a "pure" clutter subspace. What we commonly get are samples like: (10) It is impossible to separate the clutter and target signal apart and build the clutter subspace from these y i . How does the information of sample subspace be mined effectively?
The volume correlation between subspaces is helpful for us to eliminate the impact of mixing of clutter and target signal. In fact, Lets 1 , · · · ,s d2 be the known basis vectors of H S . It has been mentioned that in the generic scenario, different y i sampled from H S ⊕ H C are linearly independent. In other words, innovative directions of basis vectors in H S ⊕ H C are revealed continually along with the sampling process as follows,
The question is what will happen next. The above process could be analyzed in another way from the viewpoint of volume mentioned earlier. In particular, the core idea of our subspace detector in noiseless environment could be illustrated fully using volume. Firstly, when both the signal and clutter are present, we have
Next, the magic will happen for the next dimension, i.e., when there are d 1 + d 2 + 1 sample vectors, there will be
while on the other hand,
The reason is because, d 1 + d 2 + 1 sample vectors in this scenario have not spanned the entire subspace H S ⊕ H C according to the previous statement of randomly sampling; but
On the other hand, if the sample subspace only contains pure clutter, we obtain
and
(13), (14) , (16) and (17) indicates that, d 1 + 1 is the critical number of samples for detection of target signal in the background of clutter with unknown subspace structure, i.e., the "breakpoint". The knack of detection in this noiseless situation is, sampling continually, computing the volume of parallelotope spanned by all the sample vectors and known basis of target subspace at various dimensions and inspect the change of results. Once the volume vanishes, it means the number of samples reaches the critical point. Then the process of sampling should be stopped and the volume of sample vector themselves is calculated. The decision can be made based on whether the result is zero, i.e., whether (14) or (17) .
IV. THE VOLUME-CORRELATION SUBSPACE DETECTOR IN NOISY ENVIRONMENT

A. Main Idea
The main problem here is the sample subspace has been contaminated by random noise and can not be used directly to compute the volume correlation in VC subspace detector. Therefore the noise must be cleared in advance. For most statistical signal processing algorithms concerned with subspaces, such as MUSIC, ESPRIT and so on, the target signal and random noise are separated into signal subspaces and noise subspaces by eigen-decomposition of correlation matrices firstly for further treatment. It implies the natural strategy of extracting signal subspaces for follow-up analysis and discarding noise subspaces simply for noise elimination.
To be specific, we reconsider Problem 1 where w is assumed to be white Gaussian noise with zero mean and variance σ 2 . Traditional subspace methods mentioned above deal with the correlation matrix R y of the sample data y, which is denoted by
According to our problem setting, the eigenvalues of R y could be listed as
and the corresponding eigenvectors are
when both signal and clutter are present, and
when the sampled data contains "pure" clutter. The span(Q SC ) and span(Q N ) are commonly called signal subspace and noise subspace. Asymptotically span(Q SC ) could be used as proxy of H S ⊕ H C (or H C ) and the main idea in previous section is workable as well in the noisy environment.
B. The proposed VC subspace Detector
The VC subspace detector is extended to noisy scenario as follows:
Step : Denote the received data {y 1 , · · · , y n } by R (n) . Obtain {s 1 , · · · , s d2 } as the orthonormal basis vectors of known target subspace and denote it by Q S . Let the sample covariance matrix beR (0) = 0. Index i is set to 1. Set two thresholds T and at appropriate values.
• Step 1 : Get the new sample y i , compute the covariance matrix asR
Assume the eigenvalues ofR (i) bê
and the corresponding eigenvectors bê
obtain the estimated basis of the sampled subspace bŷ
• Step 2 : Compute the test quantity as
• Step 3 : if 1/T (R (i) ) > T, conclude the existence of target signal and exit; else if |1/T (R (i) ) − 1/T (R (i−1) )| < , conclude the non-existence of target signal and exit; otherwise, set i = i + 1 and go to step 1; Remark 1. It should be emphasized that the most remarkable advantage of VC subspace detector is its feature of "Detecting while Learning". To be specific, the detection could be completed without separated sessions for background learning with VC subspace detector. As well known, background learning is very popular in adaptive processing for radar, communication and other signal processing problems. Channel equalization in communication transmission, CFAR (Constant False Alarm Rate) operation in radar detection and estimation of covariance matrices for clutter echoes in STAP (Space-Time Adaptive Processing) all belong to sessions for background learning. There are double common defects for all these schemes. The first is that the efficacy for estimation of clutter background might be influenced heavily by existence of target signal, so called as target leakage in literatures; the second is the nonhomogeneousness widely existed in clutter environment which easily leads to mismatch of learning consequence with the actual clutter scenario at the target location. Nevertheless, VC subspace detector stands far away from these trouble because the process of background process is accomplished implicitly and simultaneously with the detection operation. Along with the raw data being sampled and put into work sequentially, the volume correlations are examined and tested constantly until the threshold is reached. The information of clutter subspace is being learned in the form of volumes of low-dimensional approximations of clutter subspace. At the decision point, background learning is ended spontaneously and the decision on the existence of target will be made naturally. There is no need for extra effort of background learning. The learning and detection is merged perfectly in VC subspace detector. We call this interesting property "Detection while Learning". Our VC subspace detector could be listed as blind detecting methods.
Remark 2. It should be noted that the subspaceQ (i) is actually an estimation of the real signal subspace. The accuracy of this approximation had been studied extensively [15, 16] and the feasibility ofQ (i) had been proved asymptotically. Hence we can expect the proposed VC subspace detector will asymptotically approximate the VC subspace detector in noiseless scenario, and this expectation is validated by the theory in next section.
Remark 3. The dimension of signal-plus-clutter subspace (or clutter subspace), i.e., k i in (23) actually needs to be estimated. Since there are various methods can be used, like AIC or MDL [17, 18] , we will not discuss this topic in detail here.
C. Theoretical Property of the VC Subspace Detector
To avoid the vagueness brought by asymptotical conclusion of the performance of VC subspace detector in the noisy background, we give some non-asymptotical analysis on the capability of our detector with knowledge of random matrices and concentration inequalities. We have the following result.
Theorem 1: Let H be n-dimensional Hilbert space, H S and H C be target and clutter subspaces of H respectively,
where y i is the sampled data,
is Gaussian white noise. Denote the eigenvalues of the covariance matrix of received signal R y by (19), If the target signal presents in sample data, then for any 0 < ε < 1 and δ > 0, if
holds with probability
On the contrary, in the case of non-target, for any 0 < ε < 1 and δ > 0, when
we have
31) holds with probability
here 
Theorem 1 describes the performance of our VC subspace detector in noisy environment. The main result (28), together with (27) and (29), implies that when the target signal is present, the test quantity 1/T (R (m) ) of VC subspace detector will tend to infinity with an overwhelming probability, when the number of sample data is sufficient large. On the other hand, (31) together with (30) and (32) ensures 1/T (R (m) ) to tend to a finite value. Therefore the decision point of this detector is to test whether 1/T (R (m) ) increases over a threshold, or stops increasing at a finite value. The result of Theorem 1 implies that the output of our VC subspace detector will remain almost unchanged no matter what clutter is given, whether or not there is noise, so far as that we have enough sample data. This shows the asymptotic effectiveness of our VC subspace detector.
The effectiveness of detector 1 was demonstrated by numerical simulation in figure 1. Here n = 1024, d 1 = 40, d 2 = 10, SNR = −10dB and the target and clutter signal were chosen randomly from corresponding subspaces. The average values of 100 monte-carlo simulations of the volume correlation 1/T (R (m) ) with respect to different m are plotted, and the values of the detector output with respect to each simulation are showed by a scatter diagram in the small sub-figures. It can be seen from the figures that as m increases, the test quantity 1/T (R (m) ) converges to infinity when there is target signal, while there is no target signal, 1/T (R (m) ) converges to a finite value. Therefore, as a whole, the simulation result verified the validity of VC subspace detector.
V. CONCLUSION In this paper, we propose a novel subspace detector that can detect target signal buried in low-rank clutters and random noise without knowledge of clutter subspace. The proposed detector utilize the geometrical relation of clutter and target subspaces. The target signal could be detected without prior learning of clutter structure with our detector. The influence of clutter will be eliminated simultaneously with the detection being performed. Theoretical and numerical analysis has validated the effectiveness of our new detector. ACKNOWLEDGMENT This paper is supported by project 61201356 from National Natural Science Foundation of China. 
